Abstract-Fuzzy rule interpolation (FRI) is an important technique for performing inference with sparse rule bases. Even when the given observations have no overlap with the antecedent values of any rule, FRI may still derive a conclusion. Nevertheless, little existing work on FRI can handle different types of uncertainty in fuzziness. Whilst membership functions play an important role in defining fuzzy sets, it is sometimes impossible to give a precise crisp value. The uncertainty in fuzzy set membership functions makes the task of FRI more difficult. Rough set theory is a useful tool to deal with incomplete knowledge by the introduction of the concepts of lower and upper approximations. This paper proposes a new extension to conventional FRI by representing uncertain fuzzy set membership functions with a specific type of roughfuzzy approximation. The proposed method follows the scale and move transformation approach to performing interpolation, and can deal with rule interpolation in a more flexible way.
I. INTRODUCTION
The compositional rule of inference [1] offers an effective inference mechanism to deal with fuzzy inference with dense rule bases. Given such a rule base and an observation that is at least partially covered by the rule base, the conclusion can be inferred from certain rules that intersect with the observation. However, in a sparse rule base, the input may not be covered by the rule base. If a given observation has no overlap with the antecedent values of any rule, conventional fuzzy inference methods cannot derive a conclusion because no rule can be fired. Fortunately, fuzzy rule interpolation (FRI) [2] , [3] may still lead to certain conclusions. Yet, despite this advantage, the application of traditional FRI methods may lead to abnormal fuzzy conclusions and the convexity of the derived fuzzy sets is not guaranteed [4] .
In order to overcome such drawbacks, significant extensions to the original FRI methods have been proposed. For instance, the slope-based technique [5] guarantees that if the fuzzy sets involved in the rules and the observation are triangular, the interpolated conclusion will also be triangular. The scale and move transformation-based method [6] , [7] , explores the representative values of the fuzzy sets, and can handle interpolation and extrapolation for sets represented in complex polygon, Gaussian and bell-shaped fuzzy membership functions. It also guarantees the uniqueness as well as the normality and convexity of the interpolated conclusion. This method has recently been further enhanced with an adaptive mechanism such that the appropriate chaining of fuzzy interpolative inferences is supported [8] . The area-based technique [9] uses the weighted average to infer the interpolated results. The work repeated in [10] employs the α-cuts of geometric membership functions and the incremental and ratio transformations to support interpolation.
For FRI, there is little existing work that can handle uncertainty in fuzziness. Whilst membership functions play an important role in defining fuzzy sets, it is sometimes impossible to give a precise crisp value. In particular, there may be different forms of uncertainty in fuzzy rule-based systems [11] : (1) The variables that are used in the antecedents and consequences of rules may be indiscernible. (2) The meanings of the words may be vague because words mean different things to different people. (3) An object can belong to a given degree to a set, but that degree may itself be uncertain. Most of such types of uncertainty translate into difficulties in determining the crisp membership functions of fuzzy sets. For instance, some weather conditions are cold for all people, but some other conditions may be considered as cold only by some individuals. That is, different people may give different temperatures as their understanding of cold [12] . Hence, the membership functions for different people could be different, depending on their perception, preferences, experience, etc. This is shown in Figure 1 , where F i (i = 1, 2, ..., I) are fuzzy sets. There are both similarities and differences in their perception. Therefore, the representation of a concept should satisfy the requirements of not only the imprecise description but also both the common perception and individual perception. In this case, the membership values of a fuzzy set may not be represented precisely. Many extensions have been developed to represent these types of uncertainty, such as interval-valued fuzzy sets [13] , type-2 fuzzy sets [14] , and R-fuzzy sets [12] . An intervalvalued fuzzy set, which is defined by an interval-valued membership function, uses an interval instead of a single value in fuzzy set. The interval involves all possibilities, but one cannot tell which values are given by all people who interpret such a concept. A type-2 fuzzy set describes its memberships using conventional (type-1) fuzzy sets, but it also needs precise crisp values to describe secondary memberships. Even when using type-n fuzzy sets, the n-th membership function of a type-n fuzzy set is still described using crisp values. R-fuzzy sets apply rough sets to approximate the membership functions of fuzzy sets, but it does not use continuous fuzzy sets to demonstrate its resolution. Thus, it is desirable to develop a different model to represent the membership functions of fuzzy sets, in order to better address uncertainty in FRI.
The concept of rough sets [15] was originally proposed as a mathematical tool to deal with incomplete or imperfect data and knowledge in information systems. A rough set is itself an approximation of a vague concept by a pair of precise sets, called lower and upper approximations [16] . The lower approximation contains all of those objects which definitely belong to a concept, and meanwhile the upper approximation contains all of those objects which possibly belong to the concept. Rough sets characterise the roughness of a set using these two approximations [17] .
Inspired by this observation, it is potentially useful to integrate rule interpolation with the rough-fuzzy concept in order to deal with uncertainty. This paper proposes such an initial approach to rough-fuzzy set-based rule interpolation. A specific definition of rough-fuzzy sets is introduced to describe the range of uncertainty. This work facilitates the representation of uncertain fuzzy set membership functions with roughfuzzy approximations, thereby improving the flexibility of rule interpolation in dealing with different types of uncertainty in fuzziness.
The reminder of this paper is structured as follows. Section II reviews the relevant background of FRI, and then outlines the concept of rough-fuzzy sets. Section III presents the proposed rough-fuzzy rule interpolation method. Section IV gives examples to illustrate the interpolative process. Section V concludes the paper and points out important further work.
II. BACKGROUND

A. Scale and Move Transformation-based Method
The scale and move transformation-based fuzzy interpolative method is an inference mechanism following the approach of analogy [6] , [7] . It can handle both interpolation and extrapolation. For simplicity, only the scale and move transformation method involving triangular fuzzy sets is outlined below.
The so-called representative value of a given fuzzy set is defined as the average of the x coordinates of its three key points. Given a fuzzy set A, denoted by (a 0 , a 1 , a 2 ), where a 0 and a 2 are the two terminal elements whose membership values reach 0, and a 1 is the element whose membership value reaches 1, its representative value is:
Suppose that two adjacent rules A 1 ⇒ B 1 , A 2 ⇒ B 2 and the observation A * , which is located between the fuzzy sets A 1 and A 2 , are given.
, and A * = (a 0 , a 1 , a 2 ). Also, denote the interpolative outcome that is to be computed by B * = (b 0 , b 1 , b 2 ). Then, the simplest interpolation which is linear can be written as:
where d(., .) is typically the Euclidean distance (though other distance metrics may be used as an alternative). The first step is to generate a new fuzzy set A using A 1 and A 2 , which has the same representative value as A * . For this, the following is created:
where
) represents the distance between A 1 and A 2 . From this, a 0 , a 1 and a 2 of A are calculated as follows:
which are collectively abbreviated to
The second step is to generate the consequent fuzzy set B in a similar way to the first, B can be obtained as follows:
with abbreviated notation
As a result, A ⇒ B is derived from A 1 ⇒ B 1 and A 2 ⇒ B 2 . Suppose that a certain degree of similarity between A and A * is established, it is intuitive to require that the consequent parts B and B * attain the same similarity degree. Hence, the following two transformations are used to ensure this.
Scale Transformation: Given a scale rate s (s ≥ 0), 
From this, a 0 , a 1 and a 2 of A are calculated as follows:
Move Transformation: Given a move distance l, transform the current support (a 2 − a 0 ) from the starting position a 0 to a new starting position (a 0 + l) while keeping the same representative value and length of support of the transformed fuzzy set as its original, i.e.,
The third step is to calculate the similarity degree in terms of scale rate s and move distance l between A and A * , and then obtain the interpolated conclusion B * by transforming B with the same scale rate and move distance. For more details, refer to [6] .
B. Rough-Fuzzy Sets
Central to rough sets is the concept of indiscernibility. Let I = (U, A) be an information system, where U is a nonempty set (the universe) of finite objects and A is a nonempty finite set of attributes such that a : U → V a for every a ∈ A. With any P ⊆ A there is a crisp equivalence relation IN D(P ) [18] :
, then x and y are indiscernible by attributes from P . The equivalence classes of the indiscernibility relation with respect to P are denoted [x] P , x ∈ U.
Let X ⊆ U, X can be approximated using only the information contained within P by constructing the P-lower and P-upper approximations of X [19] :
The tuple < P X, P X > is called a rough set.
A new equivalence relation is introduced for this work. With any R ⊆ A, the equivalence relation IN D(R) is defined as:
where F i (i = 1, 2, ..., I) are fuzzy sets that are known to exactly belong to a given concept C j , with C j (j = 1, 2, ..., J) being a given decision class in X, i.e., X = {C 1 , C 2 , ..., C J }. That is to say equivalence between fuzzy sets F i is defined by nature of the fact that they all belong to the decision class C j . Using this equivalence relation, the lower and upper approximations for each C j in X can be redefined as follows.
Let R be an equivalence relation on X and F i (i = 1, 2, ..., I) be fuzzy sets in C j (C j ∈ X), the lower and upper approximations are a pair of fuzzy sets with membership functions defined by the following, respectively:
The tuple < RX, RX > is called a rough-fuzzy set in this work, in contrast to the most general use of this term in the literature [17] .
Consider the situation shown in the previous section, where different people may interpret the same concept differently. As reflected in Figure 1 , it is difficult to describe this situation using conventional fuzzy sets. However, the newly defined rough-fuzzy sets can be adopted to represent this uncertain concept. Based on the specific definition of rough-fuzzy sets, two approximations can be constructed as shown in Figure 2 , where the two graphics are jointly referred to as a roughfuzzy set. The lower plot or lower approximation indicates the common region that is agreed by each person, and the upper one indicates the individual region that is given by at least one person. Rough-fuzzy sets use the lower and upper approximations to express the different types of uncertainty involved in defining fuzzy memberships. This shows the concept of rough-fuzzy sets is a useful extension to conventional fuzzy sets. Note that the normal points (of the full membership value) are involved in the upper approximation membership function. Such a point is the core value in a fuzzy set and indicates the core answer by a person. To reduce the computational complexity, the characteristic value (CV) is introduced to denote the normal point of the upper approximation membership function as follows:
where a i1 (i = 1, 2, ..., I) represents the top point of the i-th membership function F i = (a i0 , a i1 , a i2 ), and w i is the weight assigned to a i1 . Consider an answer given by someone who is an expert, intuitively, this answer should take up a larger proportion than the rest. Therefore, it is necessary to specify the weights for the answers (the normal points) to signify the importance of each one. However, the simplest case is the average weight that all points take the same weight value, i.e., w i = 1/n. For simplicity, a weighted rough-fuzzy set is just termed a rough-fuzzy set hereafter.
For example, three people gave their corresponding answers to the concept warm, as shown in Figure 3(a) , where F 1 , F 2 and F 3 denote the three fuzzy sets defined by three people. In order to capture the underlying uncertain concept, a roughfuzzy set can be adopted to describe the range of uncertainty. By using Equation (13), the lower and upper approximation membership functions are calculated as shown in Figure 3(b) , the resulting graphics given in the solid lines form a roughfuzzy set. Using the simplest weighting scheme, i.e., w i = 1/3, the resulting rough-fuzzy set for this example is shown in Figure 3 In general, although the shape of a rough-fuzzy set appears similar to that of a type-2 fuzzy set. However, they differ because of two aspects:
(1) Type-2 fuzzy sets replace the crisp membership values of a fuzzy set with conventional fuzzy sets, but the secondary membership of a type-2 fuzzy set is still described using crisp values. Thus, the membership function of a type-2 fuzzy set is three-dimensional. As for interval valued type-2 fuzzy sets all of whose secondary membership values are the same, its third dimension is ignored reducing the computational complexity. However, the third dimension does still exist conceptually. In contrast, a rough-fuzzy set is defined in a two-dimensional space.
(2) A type-2 fuzzy set uses fuzzy sets to define the uncertainty regarding the membership values of a fuzzy set. Then, there is no longer a single value for the membership function for a specific object value. Such fuzzy sets use the region between the lower and upper bounds to describe uncertainty. However, the concept of rough-fuzzy sets is based on the definition of rough sets. Thus, two regions, referred to as the lower and upper approximations, are used to capture this uncertainty. This difference is shown in Figure 4 . Note that typically for a rough-fuzzy set, the highest value of the lower approximation is usually less than 1. This does not indicate an abnormal set as considered in conventional fuzzy sets. It simply indicates a region that is definitely covered by the membership function defining an uncertain concept. That is, if a conventional fuzzy set is used to describe an uncertain concept, the representation of fuzzy set membership function must contain the region of the lower approximation. Similarly, the representation should not go beyond the region of the upper approximation.
III. ROUGH-FUZZY-BASED RULE INTERPOLATION
A. Preliminaries
As indicated above, a rough-fuzzy set A is defined by the lower approximation membership function A and the upper approximation membership function A, i.e., A =< A, A >. In particular, when triangular membership functions are used, such a rough-fuzzy set can be shown in Figure 5 , where A = (a 0 , a 1 , a 2 ; H(A)) and A = (a 0 , a 1 , a 2 ; H(A)), a 0 , a 1 , a 2 , and a 0 , a 1 , a 2 denote the three key points of the lower and upper approximations respectively, and H(A) and H(A) denote the maximum membership values of A and A, with a 0 ≤ a 0 , a 2 ≤ a 2 , 0 < H(A) ≤ H(A) ≤ 1. Clearly, the closer the shapes of A and A is, the lower the uncertainty of A is. When A coincides with A, the rough-fuzzy set degenerates to a conventional fuzzy set.
Definition 3.1: Given a rough-fuzzy set A as defined in Figure 5 , with the six distinct coordinates of the rough-fuzzy set being (a 0 , 0), (a 1 , H(A)), (a 2 , 0), (a 0 , 0), (a 1 , H(A)) and (a 2 , 0), the lower representative value Rep(A) and the upper 
Rep(A) y = 0 + H(A) + 0 3
where x and y denote the x coordinate and the y coordinate, respectively.
In order to distinguish different shapes of rough-fuzzy sets, two shape diversity factors are used here. The implementation here follows the conventional definition of standard deviation.
Definition 3.2:
The lower shape diversity factor Sdf(A) and the upper shape diversity factor Sdf(A) are defined as follows:
A small shape diversity factor implies that the three key points tend to be close to the lower (upper) representative value. That is, the smaller the shape diversity factor, the smaller the area of the lower (upper) approximation membership function.
In order to obtain a unique value to act as the overall representative value of a given rough-fuzzy set, the concepts of weighted values of the lower and upper approximation membership functions are hereby introduced first.
Definition 3.3:
The lower weighted value W(A) and the upper weighted value W(A) are defined as follows: (17) where Sdf(A) + Sdf(A) = 0. If however, Sdf(A) + Sdf(A) = 0, i.e., Sdf(A) = 0 and Sdf(A) = 0, the rough-fuzzy set degenerates to a singleton value, W(A) = W(A) = 1/2. Definition 3.4: Given a rough-fuzzy set A, the representative value Rep(A) of A is defined by:
Note that in the above definition, the lower and upper shape diversity factors are regarded as the weights of the lower and upper representative values. This is necessary as otherwise, the same representative value would be derived from different shapes of rough-fuzzy sets A and A if Rep(A) x = Rep(A ) x and Rep(A) y = Rep(A ) y (see Examples 1 and 2).
B. Rough-Fuzzy Interpolation
Suppose that there are a rough-fuzzy rule base and a roughfuzzy observation, the inference model for rough-fuzzy rule interpolation is as follows:
where A 1 , A 2 , A, B 1 and B 2 are rough-fuzzy sets, A 1 ⇒ B 1 and A 2 ⇒ B 2 are two adjacent and disjoint rough-fuzzy rules, as shown in Figure 6 . Given the above, the algorithm for deriving the interpolated conclusion is summarised below. This follows closely from the conventional fuzzy interpolative techniques such as those repeated in [6] , [7] .
Step 1: Based on Equation (15), the lower and upper representative values Rep(A) k and Rep(A) k are calculated to approximate the lower and upper approximation membership functions of the rough-fuzzy set A, respectively, k ∈ {x, y}. Based on Equation (16), the lower and upper shape diversity factors are computed to approximate the diversity of shapes of the lower and upper approximation membership functions, respectively. Based on Equation (17), the lower and upper weighted values W(A) and W(A) are calculated to obtain the weighted values of the lower and upper shape diversity factors Sdf(A) and Sdf(A), respectively.
Step 2: Based on Equation (18), the representative values Rep(A 1 ), Rep(A) and Rep(A 2 ) are calculated using the results of Step 1. The proportional value λ Rep of the rough-fuzzy sets A 1 , A and A 2 is calculated as follows:
where Rep(A 2 ) − Rep(A 1 ) = 0, which always holds. Otherwise, rules R 1 and R 2 are at least overlapping, if not identical, which would obviate the need for interpolation.
Step 3:
where 0 ≤ i ≤ 2. B is calculated in the same way.
Step 4: Calculate the similarity degree in terms of scale rate s, move distance l and height rate h between A and A. The way of calculating s and l remains identical to that used in the original ordinary scale and move transformation-based fuzzy interpolation. Due to the uncertainty introduced in the membership functions, a further transformation on the height of the lower approximation is needed, while the height of the upper approximation remains the same owing to its normality, which is calculated by:
Step 5: Compute the interpolated conclusion B by transforming B with the same scale rate, move distance and height rate as obtained in Step 4.
IV. EXPERIMENTATION AND DISCUSSIONS
A. Example 1
This case considers the proposed method involving all variables taking true triangular rough-fuzzy sets. Let A 1 , A, (18) and (19 (20), respectively. Then, the scale rate s = 1.35, s = 1.01, the move distance l = 0.08, l = 0.18 and the height rate h = 0.86 in the integrated transformation from A and A are calculated with regard to Equations (8), (9) and (21). Finally, the scale rate, move distance and height rate are used to transform B to the interpolated conclusion B =< (6.28, 6.70, 7.95; 0.43), (5.31, 6.28, 8.83; 1) >, as shown in Figure 7 . Clearly, the interpolated result has an intuitive appeal. (20), respectively. Then, the scale rate s = 0.90, s = 1.01, the move distance l = 0.05, l = 0.17 and the height rate h = 0.86 in the integrated transformation from A and A are calculated with regard to Equations (8), (9) and (21). Finally, the scale rate, move distance and height rate are used to transform B to the interpolated conclusion B =< (6.52, 6.81, 7.64; 0.43), (5.32, 6 .31, 8.83; 1) >, as shown in Figure 8 .
Thus, Rep(A) x + Rep(A) y is of the same value as that of the last case. It can be seen that the interpolated results are of different values owing to the contribution of the shape diversity factors. Without the use of the shape diversity factors, both interpolated rules in these two cases would have been the same. This would be rather counter-intuitive as the shapes of the rough-fuzzy sets involved are different. (15), (16) and (17 (20), respectively. Then, the scale rate s = 3.26, s = 3.26, the move distance l = 0.09, l = 0.20 and the height rate h = 0.72 in the integrated transformation from A and A are calculated with regard to Equations (8), (9) and (21). Finally, the scale rate, move distance and height rate are used to transform B to the interpolated conclusion B =< (5.98, 7.04, 7.98; 0.57), (5.27, 6.66, 9.27; 1) >, as shown in Figure 9 . It follows that if certain components involved in the given rules are singleton-valued, the interpolated conclusion remains a rough-fuzzy set. 4.81, 6.33, 8.33; 1), (4.81, 6.33, 8.33; 1) > are calculated with respect to Equation (20), respectively. Then, the scale rate s = 0.44, s = 0.44, the move distance l = 0.08, l = 0.08 and the height rate h = 1.00 in the integrated transformation from A and A are calculated with regard to Equations (8), (9) and (21). Finally, the scale rate, move distance and height rate are used to transform B to the interpolated conclusion B =< (5.83, 6.26, 7.38; 1), (5.83, 6 .26, 7.38; 1) >, as shown in Figure 10 . It follows that if everything is a conventional fuzzy set, i.e., all uncertainty regarding the membership functions disappear, the interpolated conclusion is the same as that achievable by the existing scale and move transformationbased FRI.
Considering all four examples, this empirical investigation demonstrates that the proposed rough-fuzzy rule interpolation approach is of natural appeal in dealing with the uncertainty involved in the domain representation. Empirically, it indicates that the work is a useful extension of the existing FRI method. V. CONCLUSION This paper has proposed an initial idea for the development of rough-fuzzy rule interpolation. It has introduced the concepts of lower and upper approximation membership functions and presented a preliminary algorithm for rough-fuzzy rule interpolation, assuming that sparse rules involving rough-fuzzyvalued variables are available. The algorithm works by first using the lower and upper representative values to approximate the lower and upper approximation membership functions of a specific type of rough-fuzzy set, and then deriving an intermediate rule using the proportional value which is calculated by the representative values. Next, the scale rate, move distance and height rate are used in transformation-based interpolation to preserve the similarity degree between the observation and the antecedent of the intermediate rule. Finally, the interpolated conclusion is computed by applying transformation functions to the consequence of the intermediate rule with the same similarity degree. The proposed approach can deal with rule interpolation in a more flexible way than the conventional FRI.
The present work only uses triangular rough-fuzzy sets. However, the underlying idea seems to be more general, but this needs verification by extending the current method to coping with other types of rough-fuzzy set (e.g., trapezoidal and polygonal). Also, only rules containing a single antecedent and a single conclusion are considered in this paper. It would be very interesting to investigate how this may be extended to multiple antecedents situations. The empirical results have shown that this approach reflects the intuition of using roughfuzzy sets well in addressing different types of uncertainty in fuzziness. However, theoretical proof in terms of it being a generalisation of the conventional FRI method, represented by [6] , remains active research.
